
C A L C U L A T I O N  OF T R A N S I E N T  C O M B U S T I O N  R E G I M E S  

F O R  S O L I D  P R O P E L L A N T  I N  A C H A N N E L  

V .  B~ L i b r o v i c h  a n d  G .  Mo M a k h v i l a d z e  

In the study of so l id -p rope l l an t  t r ans i en t -burn ing  p r o c e s s e s  the case  of sol ids  containing an oxidizer  
in thei r  composi t ion was  examined in [1-8]. The theory  of unsteady combust ion p r o c e s s e s  of such 
prope l lan ts  was  given in [1-3]o A numer ica l  calculat ion was made in [4] of the t rans ien t  p r o c e s s e s  f rom 
the s t eady- s t a t e  burning r eg i m e  at  one p r e s s u r e  to the s t eady - s t a t e  r eg ime  at a d i f ferent  p r e s s u r e ,  using 
an e lec t ron ic  computer .  In [5] the method of in tegral  re la t ions  was used to der ive  analyt ic  express ions  
for  the unsteady solid burning ra t e  for  instantaneous and exponential  va r ia t ion  of the p r e s s u r e .  The effect  
on solid propel lant  burning ve loc i ty  of ha rmon ica l ly  vary ing  p r e s s u r e  was studied in [6]. The unsteady 
p r o c e s s e s  in the burning of solid propel lan ts  we re  inves t igated in [7]. 

In the following we examine the t r ans ien t  r e g i m e s  for  diffusive combustion,  which occurs  when the 
oxidizer  is supplied f rom outside and does not f o r m  p a r t  of the solid propel lan t .  The t rans i t ion  f rom one 
burning r e g i m e  to another  is speci f ied  by va r i a t ion  of the oxidizer  f lowrate .  Combustion models  for  
such s y s t e m s  were  p roposed  in [9, 10]. In calculat ing the t r ans ien t  r eg imes  we use  the combust ion model 
based  on the l imi t ing  ro le  of mass  t r a n s f e r  in diffusive combust ion [10]. In view of the finite t ime  fo r  
emptying of the propel lan t  channel through the nozzle  (with reduct ion of the oxidizer  f lowrate)  or  filling 
of the channel (with inc rease  of the oxidizer  f lowrate) ,  the p r e s s u r e  in the channel will lag  behind the 
change in oxid izer  f lowra te .  Moreover ,  the t r ans ien t  r e g i m e s  a r e  cha r ac t e r i z ed  by fo rmat ion  in the 
channel of gasdynamic  waves  which cause p r e s s u r e  pulsat ions as they a r e  re f l ec ted  a l t e rna te ly  f rom the 
head and nozzle  ends of the channel.  The solid p rope l lan t  combust ion veloci ty  depends on the mass  veloci ty  
of the gas s t r e a m ;  the re fo re  channel burnup takes  place  nonuniformly.  A s y s t e m  of equations descr ib ing  
the s t eady - s t a t e  and t r ans i en t  combust ion r e g i m e s  and a f in i te -d i f ference  scheme for  the in tegrat ion of 
this s y s t e m  a re  p roposed .  The behavior  pa t t e rn  of the solutions obtained a re  d i scussed .  

PROBLEM FORMULATION 

Let the fuel have the form of a cylindrical grain with axial channel of radius R, through which the 
oxidizer stream flows. We direct the x axis along the axis of symmetry; x = 0 coincides with the beginning 
of the channel. The channel length is l o The channel is throttled by a supersonic nozzle. We shall solve 
the problem under the following assumptions. 

I~ The flow is one-dimensional and turbulent along the entire channel length. We neglect the non- 
uniformity of the flow in the transverse y and z directions, which can occur as a result of expansion or 
curvature of the channel walls, efflu• from the walls of the combustion products, as a result of friction or 
heat transfer~ The naturalness of this assumption is confirmed by the fact that the gas motion in the 
channel is turbulent and the turbulence is intensified by heat and mass addition as a result of the chemical 
combustion reaction taking place at the walls (see 2~ We note that the one-dimensional model presumes 
complete mixing of the oxidizer and combustion products at each section of the channel. 

2~176 In the channel diffusive combustion takes place at the walls (this model was discussed in [10]), 
i.e~ above the surface of the fuel there develops a diffusion flame of chemical reaction of the solid fuel 
gasification products with the gaseous oxidizer flowing past the fuel surface, and this flame is located in 
the boundary layer~ We note that the distance from the flame to the fuel surface is inversely proportional 
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to the burning velocity [I0]. Therefore the assumption made here is valid as long as the oxidizer concen- 
tration in the flow is not too small. In fact, as the oxidizer concentration diminishes (i.e., with increase 
of x) the diffusion flame moves away from the surface of the solid fuel; therefore the fuel flame is in- 
creasingly subject to the action of the outer turbulent flow. As a result the flame is deformed and becomes 
ragged, discontinuities may appear on the flame surface; then a qualitatively different mechanism for 

breakdown of the solid fuel begins to play a role - namely, ablation. Therefore we shall assume that the 
channel is not too long and the Reynolds numbers, which determine the burning velocity, are not very large. 
Since the flame is located in the depth of the boundary layer we shall assume that the chemical reaction 
is concentrated at the channel walls. 

3 ~ . The gas is assumed to be ideal and of constant molecular weight. 

4 ~ We also neglect the change of the channel shape and dimensions in the eourse of the transient 
process. 

5 ~ . We neglect the dependence of the thermal effect on the gas flew parameters, i.e., we assume 
that the heated fuel layer adjusts instantaneously to the state of the gas flow. 

6 ~ The gas motion is turbulent, therefore it is natural to neglect the molecular transport phenomena 
as well. 

Equations and Boundary Conditions. Before writing out the system of equations we note that the 
solid fuel burning velocity can be written in the form 

m = Bmafl ~ (2.1) 

Here m is the mass burning velocity of the solid fuel, a is the relat ive weight concentrat ion of the 
oxidizer,  B m and n are  constants,  and j is the mass velocity of the gas flow. 

Express ion (2.1) for the burning velocity can be obtained by using the condition for the s to ichiometr ic  
relat ion between the fuel and oxidizer flows in the diffusion flame and calculating the m a s s  t r ans fe r  
coefficient f rom the er i ter ia l  connection between the diffusive Nusselt  number,  the Reynolds and Prandtl  
numbers ,  and the rat io of the gas efflux velocity f rom the fuel to the longitudinal velocity of the oxidizer 
s t r eam [10]. 

We shall use as the governing equations the one-dimensional  gasdynamic equations with account for 
the heat and mass  sources  concentrated at the walls.  In view of the fact that in calculating the t ransient  
r eg imes  the magnitude of the gas flowrate,  the gas concentration,  and also the enthalpy will be specified 
at the entrance to the channel, it is convenient to write the sys tem of equations i n t e r m s  of the dependent 
var iables  j, p (gas pressure) ,  a, H (gas enthalpy), using the express ion (2.1) for m. 

We introduce dimensionless var iables  (denoted by pr imes)  

]'=~-,/ H'-~--FI , a ' - -  a . x '=--,x p , = ~ p  t '~ - - t  ]/'H'~ Q ' =  Q (2.2) 
Io ~o  ao l io l / ' ~  ' t ' 7G 

The subscr ip t  0 denotes the value of the given quantity at the section x = 0, Q is the effective burning 
thermal  effect per  unit weight of the solid fuel, t is t ime.  

In these var iables  (we drop the p r imes  hereafter)  the sys tem of equations has the form 

0w 0/ (2.3) 
0t + -5~-~ = s  

Here w , f ,  s are  s ingle-column mat r ices  with the components 

"[P w~, - -  7 P a  W a  =-  ] ,  w 4  P t T - -  1 I '~H 
u h = -  (~--l)H ' ( ,r--t)g ' ~--i ~- 2 7 p 

t .[ ,r--t __~_)2 
-- ~ I~H 14 = ]H + T ] k-"'-~-- ] (2.4) / 1 = ] ,  / 2 = a ] ,  / a = P +  ~; p , 

l ~ . n - - l \  
s l = ~ l K a ]  n, s , =  V~ao K a p ,  sa=O,  s~= OKaj '~ K=2-h--~ma0/o ) 

Here ~/is the adiabatic exponent of the gas, v t = (v 2 + 1) is the s to ichiometr ie  coefficient.  
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To so lve  this  s y s t e m  we pose  the t h r ee  boundary  condi t ions  at  the channel  e n t r a n c e  

x = 0 ,  ] = h ( t ) .  a = t ,  H = 1  (2.5) 

The funct ion h(t) spec i f i e s  the t r a n s i t i o n  f r o m  one burn ing  r e g i m e  to ano the r .  A s s u m e  that  a 
cons tan t  ox id ize r  f lowra te  equal to a0J0vR 2 was  main ta ined  at the channel en t r ance  fo r  t < 0. As a r e s u l t  
the s teady-  s ta te  bu rn ing  r e g i m e  c o r r e s p o n d i n g  to this  ox id ize r  f lowra te  was  es t ab l i shed .  The c o r r e s p o n d -  
ing s t e a d y - s t a t e  solut ion,  found below, will  s e r v e  as  the init ial  condi t ion for  the solut ion of the uns teady  
s y s t e m  of equat ions  (2.3). Then,  beginning at the t ime  t = 0 t he re  is a sha rp  change of the ox id i ze r  f low-  
r a t e  by s e v e r a l  fold, spec i f ied  by the funct ion h(t), which causes  t r ans i t i on  to ano the r  s t e a d y - s t a t e  bu rn ing  
r e g i m e  c o r r e s p o n d i n g  to the new ox id ize r  f lowra te .  

The four th  boundary  condi t ion accoun t s  fo r  the p r e s e n c e  of  the Lava l  nozz l e .  If  we a s s u m e  that  the 
gas flow th rough  the nozz le  is qnas i s t eady ,  ad jus t ing  to the s ta te  of the gas at  the e n t r a n c e  to the nozzle ,  
we can use the known e x p r e s s i o n  

] , R , = A p ,  R~. ( A = ~ r 7  ( 2, . ~V~(~OT,3_,/2" a =  "r+t  \1 (2.6) 
\ 7-t-* ) . . . .  T - - t  ] 

Here  A is the coeff ic ient  of  gas  d i s c h a r g e  th rough  the nozz le ,  R ~ is the gas cons tant ,  T is the t e m p e r -  
a tu re  in the gas s t r e a m ,  R .  is the rad ius  of the nozz le  th roa t ,  the s u b s c r i p t  I ind ica tes  the value of the 
g iven quant i ty  at  the sec t ion  x = l. Separa t ing  the t e m p e r a t u r e  dependence  in (2.6) and conver t ing  to 
d i m e n s i o n l e s s  v a r i a b l e s ,  we have 

t ( _ ~ ( 2.__Z_k,i,~ ( R,  Vk 
x = t ,  Pz -g jtH'/' _• (.~-- t)'I, \ 7 + t )  \ R ) )  (2.7) 

Solution of the S teady-Sta te  P r o b l e m  of Burning  in a Fuel  Channel.  Le t  us find the s t e a d y - s t a t e  
solut ion of (2.3) with the boundary  condi t ions  (2.5), (2.7). (In this  ca se  h(t) -= 1.) Dropping  the de r iva t ives  
with r e s p e c t  to t in (2.3) and combin ing  the l a s t  t h r ee  equat ions  with the f i r s t ,  we obtain the dependence  of 
p,  H, a on j, P0 and the boundary  condi t ions  for  x = 0 

a=-- . - ,  t - -  ~la0-(]--l)  H =  (T _ I) i-------T (~ - -  p) ~ = P o +  
' (3.1) 

t t [,7+{'r21~/+2('#--i)i[%~-(~_--j)--i-~-([3 po)=]} '/'} P - -  " r+ t  --  -- 

Subst i tut ing the e x p r e s s i o n  fo r  a into the f i r s t  s t e a d y - s t a t e  equat ion  (2.3), we obtain  the d i f ferent ia l  
equat ion d e s c r i b i n g  the v a r i a t i o n  of  the gas s t r e a m  along the channel  axis  

0 ) (3.2) 
F o r  a r b i t r a r y  va lues  this  e x p r e s s i o n  ean only be i n t eg ra t ed  n u m e r i c a l l y , *  howeve r  we can obtain 

ana ly t i c  e x p r e s s i o n s  fo r  n = 0.5 and n = 1,0 which m a j o r i z e  f r o m  below and f r o m  above the r ea l  r e l a t i on  
j = j (x) fo r  0,5 < n < 1, We p r e s e n t  these  r e l a t i ons  

E (")] ] = l  + "la----Z-e ~l - -exp - - ~ K x  ( n = t )  
v2 a0 (3.3) 

[ - d ' ( d +  VT)(d-- l ) ]  2(d 2 - 1 )  l - - ] / ~ ] + ~ - l n  = % K x  ( n = 0 . 5 )  
(d - gf)  (d + 1) 

d = ( l +  ,la0 )v, 
v2 (3.4) 

*The Enler method was used for the numerical computation. The interval of values from 0 to I was divided 

into 100 parts, so that x i = lax, where Ax = 0.01, i = 0, 1, 2, o ~ . , I00. The finite-difference equation 

corresponding to the differential equation (3.2) has the form 

/ ( x i + h x ) = / ( x i ) ' ~ k x  V l + ' ~ o  K[l'(xl)] n-1 - - K [ / ( 2 i ) l n  
--  ao 

This  equat ion m a k e s  it poss ib le  to ca lcu la te  the flux j f o r  all x.  The r e s u l t s  of the ca lcu la t ions  a r e  shown 
in F ig .  1. Curve  3 was  obta ined by n u m e r i c a l  ca lcu la t ion  fo r  n = 0.76; cu rves  6 and 7 w e r e  plot ted fo r  n = 
1 and n = 0.5 ( remain ing  p a r a m e t e r s  a re  the s a m e ) .  We see  f r o m  the f igure  that  the s t e a d y - s t a t e  solut ion 
can be obta ined f r o m  the ana ly t i c  e x p r e s s i o n s  (3.3), (3.4) with good a c c u r a c y .  
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We can de te rmine  the quanti ty Jl f rom (3.2). Wri t ing  the second 
and th i rd  equations (3,1) for  x = l and using the boundary condition (2.7), 
we obtain a sy s t em of equations f rom which we find the dependence of 
the channel en t rance  p r e s s u r e  P0 on Jl 

Now all  the o ther  functions a r e  found e a s i l y  f rom (3.1). 

In the ca lcula t ion  we used va r ious  va lues  of the d imens ion le s s  
p a r a m e t e r s  appear ing  in the equations and the boundary  condi t ions .  

1". We se t  3]= 1.276,~ = 0.3182, Q = 33.33, a 0 = 0.22, n = 0.76, v 1 = 4.43. With these  va lues  the 
ca lcula t ion  was made for  Kt = 0.0906, K 2 = 0.0822, K 3 = 0.1070. 

The p a r a m e t e r  Kt c o r r e s p o n d s  to twice the ox id ize r  f lowrate  at  the channel en t rance  as for  the 
p a r a m e t e r  K~ and the p a r a m e t e r  K 2 c o r r e s p o n d s  to a f lowra te  1.5 t i m e s  that  of K 1 (other p a r a m e t e r s  
r ema in ing  the same) .  

The r e su l t ing  s t e a d y - s t a t e  solut ions  a r e  shown in F ig .  1 and a re  denoted by 1, 2, 3 in accordance  
with the number  K. The point  x = 1.0 on the a b s c i s s a  axis  co r r e sponds  to the end of the channel .  

We note that  the flow a t  the end of the channel i n c r e a s e s  by 21.3% for  case  1. The amount  of 
ox id ize r  c a r r i e d  away together  with the gas s t r e a m  through the nozzle amounts to 20.7% of the amount  of 
ox id ize r  en te r ing  the channel .  F r o m  the th i rd  equation (2.3) we have 

P~ =P0 (l + ~M02) ] (i + ~Mz ~) (3.6) 

where  M is  the Much number .  Since the motion in the channel is  e s s e n t i a l l y  subsonic  (M 0 = 0.08, M l = 0.1.3 
for  case  1), the p r e s s u r e  d e c r e a s e s  only s l ight ly  along the channel ax is :  P0 = 5.66 and d e c r e a s e s  by 1..5% 
toward  the end of the channel .  

In this  case  the gas enthatpy i n c r e a s e s  by 114% at  the channel exi t  sec t ion .  Thus the r e l a t i ve  mass  
flow i n c r e a s e  is  cons ide rab ly  l e s s  than the r e l a t i v e  gas enthalpy i n c r e a s e .  

In conclusion,  we p r e s e n t  the va lues  of the t ime for  gas pa s s a ge  through the channel (or the t ime for  
emptying the fuel channel) t t  = 12.5 and the t ime for  the propaga t ion  of a sound d i s tu rbance  t2 = 1.4 (these 
c h a r a c t e r i s t i c  t i m e s  a r e  app rox ima te ly  the same for  a l l  t h ree  c a s e s ) .  

2 ~ We se t  T = 1 .283,4  = 0.5141, Q = 36o50, a 0 = 0.21, n = 0.76, Pl = 4.43. With these  p a r a m e t e r s  the 
ca lcula t ion  was made for  K 4 = 0.1447 and K 5 = 0.0935. 

The p a r a m e t e r  K 5 c o r r e s p o n d s  to 6.17 t imes  more  ox id i ze r  f lowra te  through the channel than for  K 4 
(other p a r a m e t e r s  r ema in ing  the same) .  

The solut ions for  these  two c a s e s  a r e  shown in F ig .  1 and denoted by n u m e r a l s  4 and 5 in acco rdance  
with the number  K. The behav io r  of the solut ions is  the s ame  as  in case  1 ~ In this  case  t l  = 7.1, t2 = 1.2. 

In tegra t ion  of the Unsteady Equat ions .  The unsteady p r ob l e m  was solved n u m e r i c a l l y  using the two-  
l a y e r  expl ic i t  d i f ference  scheme of s e c o n d - o r d e r  a c c u r a c y  p roposed  in [11]. The a r t i f i c i a l  v i s c o s i t y  
( requi red  for  au tomat ic  ca lcu la t ion  of the shocks)  appea r s  imp l i c i t l y  in (4.1) as a r e s n l t  of approx imat ion  
of the d i f ferent ia l  equat ions by f in i t e -d i f f e rence  equat ions .  All  the quant i t ies  a r e  taken at  the g r id  nodes 
x i = i A x , i = 0 , . . . ,  1 0 0 ; t = m A t ,  m = 0 . 1 . . .  We wr i t e  out this  s cheme  

- -  ---- 2 - - 2 A x  [f~+l(t)--]t(t)]q---si+V"(t) 
(4.1.) 

w+ (t + At) = w+(0 - ( a t / a ~ )  Ih+,/~ ( t +  1/2 at) - I+_,/~ (t + i/: at)l + ats~ (t + ~/~ at) 

All the quant i t ies  a r e  f i r s t  ca lcu la ted  on the ha l f - in teKral  l a y e r  a t  the t ime  t + l/2 At f rom the f i r s t -  
o r d e r  a c c u r a c y  scheme (f i rs t  equation (4.1) and then at  the t ime  t + At using the quant i t ies  on the h a l f -  
in tegra l  l a y e r ,  so that  as a r e s u l t  the scheme (4,1) has s e c o n d - o r d e r  a c c u r a c y ,  

720 



p ~ ~ 1 8 o  
I 6"g 

(a)! g0 
/7 

/z. $ ~ ! /gl 
i 

0 g 2 J  05 0.75 ~ 1.0 

IT ! i - -  6__ 
7 g (b) I /~ -~a  

to / ~  I I 
0 075  0.5 0.75 ,r LO 

Fig. 2 

To improve the computational efficiency, in place of the 
sharp change (step) in the oxidizer flowrate we used a smooth 
(exponential) t rangit ion to the new flowrate,  i.e., 

h (t) = k + (i - -  k) g-)mAt (4.2) 

Here k is the final gas flowrate at the channel entrance 
(initial value was 1) in the t ransient  regime;  X was selected so 
that the new oxidizer flowrate was established quite rapidly.  The 
calculations were made for three cases .  The t ransients  were 
investigated for k = 6.]7,  0.5, 1.5. 

In o rder  for the selected difference scheme to be stable (i.e., 
in o rder  that small  e r r o r s  which ar ise  in the computational 
p rocess  not grow), the relat ionship between the time and coordinate 
steps must  sat isfy the C o u r a n t - F r i e d r i c h s - L e v y  stability 
cr i ter ion,  namely 

",az(l~l + 4 At lA~  ~ t 

The step in x was selected as in the steady case (Ax = 0.01 in 
dimensionless  form), the gas velocity u and the sound speed c 
were  est imated f rom the steady tempera ture  profile,  af ter  which 
the quantity At was calculated. Points on the boundary were 
refined using a five point scheme.  The computation was terminated 
when the distributions of all the quantities became close to their  
final steady state distr ibutions.  

DISCUSSION OF RESULTS 

1 ~ Let us first examine how the transient takes place for k = 6~ i.e., from the steady regime 

corresponding to K 4 = 0.1447 to the new steady regime corresponding to K 5 = 0.0935 (the other numerical 

parameters are the same as in 2 ~ of Section 3). 

In Fig. 2a and b the abscissa is the distance from the channel entrance to the beginning of the nozzle, 

and the point x = I.0 corresponds to the end of the channel. The ordinate is the dimensionless pressure 

(Fig. 2a) and temperature (Fig. 2b). The coordinate step Ax = 0.01; the time step At = 0~ The solutions 

are shown at different moments of time. The time scale AT = 0.3075, i.e., the curve denoted by the 

numeral 3 is the solution at the moment 3AT (some intermediate curves are not shown to avoid confusion 

in the figure). 

The upper curve in Fig. 2a is the final steady pressure profile (K = Ks) , the lower curve is the 
initial steady pressure profile (K = K4). The time for establishing the new oxidizer flowrate at the channel 

entrance is AT. 

We see from the figure that after change of the oxidizer flowrate a shock wave begins to propagate 

through the channel (in all the figures the direction of propagation of the shock wave is indicated by the 

arrow), which after reaching the nozzle is reflected from the nozzle and begins to propagate in the opposite 

direction; then it is reflected from the left boundary and so on. The initial wave intensity is Ap/Pl = 0.4, 

(ratio of the pressure differential across the wave front to the pressure in the undisturbed region). There 

is a dip in curve 2. This indicates the appearance of a rarefaction wave, which develops as a result of 

decay of the developing discontinuity. 

Figure 2b (see curves 2,3) shows that heating of the gas by the shock wave is quite significant. Let 
us make an estimate of the gas temperature rise in the wave front at the moment 3AT. Knowing Ap/pl , 

we find from the Rankine- Hugoniot relations that the ratio of the gas temperature behind the shock wave 
to the temperature in the undisturbed region is ].08. This agrees with the ratio of these temperatures 
calculated for curve 3 from Fig. 2b. We note that the gas temperature at the exit from the channel in the 
initial steady state is higher than the gas temperature in the final steady state by a factor of ].07 (the 

curves labeled a and b are the initial and final steady-state distributions); however, as a result of heating 
of the gas by the shock wave its temperature may be higher than the initial value. Upon reflection of the 
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wave f rom the nozzle (Fig. 2a, curve 6) a h igh- tempera ture  gas 
slug is formed (Fig. 2b, curve 6). Then this slug begins to slowly 
d iss ipa te ,  since the gas discharges  through the nozzle.  The t e m -  
pera ture  gradually decreases  to the s teady-s ta te  value co r r e spond-  
ing to K = K 5 (Fig~ 2b, curve 54). 

The shock wave propagates toward the left boundary with 
a velocity approximately half (relative to the channel walls) that 
of the wave propagating toward the nozzle.  TMs is explained by 
the fact  that the wave is t ravel ing in the direct ion opposite the 
direction of the gas flow. The shock wave velocity relat ive to the 
walls is twice that of sound (estimated using curves 2 and 3 in 
Fig.  2a). 

The ref lect ion of the shock wave f rom the boundaries takes 
place like ref lect ion f rom solid walls .  This is explained by the 
fact  that the gas velocity in the channel is low; therefore  during 
the t ime of wave reflection f rom the boundary only a ve ry  small  
par t  of the wave can pass into the nozzle.  

During shock wave ref lect ion f rom the nozzle a small  second 
hump forms on its profile,  which is apparently associa ted with the 
format ion of a rarefac t ion  wave during ref lect ion f rom the nozzle .  

The shock wave decay, which is seen in Fig.  2a, takes place 
p r imar i ly  in the volume. Decay of the wave is accompanied by 
diffusion of its front.  Reduction of the wave intensity takes place 
because:  

a) par t  of the gas does manage to pass into the nozzle during 
the ref lect ion t ime; 

b) there is interact ion of the compress ion  wave with the 
ra refac t ion  waves; 

c) the wave propagates  through a nonhomogeneous medium 
(specifically, af ter  ref lect ing f rom the nozzle the wave t rave l s  
through gas whose p re s su re  increases  with decrease  of x). 

We see f rom Fig~ 2a that the wave decay in this case is ve ry  
marked during its interaction with the gas entering the channel 
(curves 6 and 9), i.e.,  for  the third reason .  The t imes for wave 
decay (here we have in mind the t ime for  marked reduction of the 
wave intensity) and for t ransi t ion to the new s teady-s ta te  regime 
will be presented below. 

After  decay of the shock wave there is a smooth p re s su re  
r i se  up to the final s teady-s ta te  distribution because of propagation 

through the channel of compress ion  waves of low intensity (therefore they a re  not noticeable in the figure).  
In addition to the gradually decaying wave which develops at the initial moment,  these waves are  generated 
at the point where the gas entering the channel at the moment  t = 0 compresses  the gas being displaced. 

2 ~ Figure 3a shows the p re s su re  distribution along x at different moments  of time for  k = 0.5, i.e, 
for t ransi t ion f rom the steady state regime with K = Ki = 0.0906 to the reg ime corresponding to K = K 3 = 
0.1070 (the other  numerical  pa rame te r s  are  the same as in 1 ~ of Section 3). The t ime step At = 0.01; the 
coordinate step Ax = 0.01; the scale of the t imes for which the curves are  drawn is AT = 0.41. The time 
for  establishing the new oxidizer f lowrate is AT. The upper curve is the s teady-s ta te  p r e s s u r e  distribution 
for  K = Kl, the lower curve is for  K = K 3. 

After change of the oxidizer flowrate through the channel, a simple ra refac t ion  wave begins to 
propagate and is ref lected al ternately f rom the left  and right boundaries .  The wave intensity is low; the 
tempera ture  and concentrat ion perturbat ions are  t ranspor ted  with the gas s t r eam.  
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Reflec t ion  f rom the boundar ies  takes  p lace  as f rom a so l id  wal l ,  Joe., in phase  opposi t ion with the 
incident  wave.  As in ease  1 ~ of the p r e s e n t  sect ion,  the r a r e f a c t i o n  wave g radua l ly  decays  and the wave 
f ront  d i f fuses .  In this  case  the wave a lso  decays  because  of the fact  that i t  is  mechan ica l ly  unstable  and 
the d i s t r ibu t ion  of the quant i t ies  in the wave becomes  smoo the r  in the course  of t i m e .  

The behavior  of the gas t e m p e r a t u r e  at  the end of the channel is i n t e re s t ing .  Af te r  the f i r s t  
r e f l ec t ion  of the r a r e f a c t i o n  wave f rom the nozzle ,  the gas t e m p e r a t u r e  d e c r e a s e s  below the s t e a d y - s t a t e  
value co r re spond ing  to K = K 1 and then begins  to s lowly i n c r e a s e ,  approaching  the final s t e a d y - s t a t e  
d i s t r ibu t ion  with K = K 3. 

Since the t r a n s i e n t  p r o c e s s e s  a r e  a s s o c i a t e d  with propagat ion  through the channel of shock waves 
(or r a r e f a c t i o n  waves) ,  i t  is  c l e a r  that  burnup of the channel a l so  takes  p lace  in a wavel ike  fashion.  This 
is  seen f rom Fig .  3b which shows the in i t ia l  (K = K1) and final (K = K3) d i s t r ibu t ions  of the m a s s  burning 
ve loc i ty  re(x) (denoted by l e t t e r s  a and b, r e s pe c t i ve l y )  and a l so  the instantaneous d i s t r ibu t ions  of m (x) up 
to the moment  of wave re f l ec t ion  f rom the channel en t rance  for  s e v e r a l  moments  of t ime (time s c a l a  s ame  
as  in F ig .  3a)o The dash -do t  curves  c o r r e s p o n d  to waves  r e f l ec t ed  f rom the nozzle .  We note that  for  
s t e a d y - s t a t e  burning the maximal  burnup of the fuel channel occurs  at the en t rance  to the channel,  s ince  
the behav ior  of the function m (x) is  de t e rmi ne d  by the concent ra t ion  d i s t r ibu t ion  (the flow changes only 
s l ight ly)  o 

In conclusion l e t  us examine F ig .  4, which shows the p r e s s u r e  •l a t  the exi t  f rom the channel as a 
function of t ime .  Curve 3 is p lo t ted  for  case  1 ~ of this  sec t ion ,  curve 2 is  for  case  2 ~ and curve ] is  for  
the case  k = 1.5 ( t ransi t ion f rom the s teady  r e g i m e  with K = Kl to the r e g i m e  with K = K2)o The l a t t e r  case  
is  a s s o c i a t e d  with the fo rmat ion  of a c o m p r e s s i o n  wave (its in tens i ty  is  Ap/p t  = 1/20)o 

The a b s c i s s a  sca le  in F ig .  4 i s :  point 100 co r r e sponds  to the t ime t = 41 for  cu rves  1 and 2 and to 
t = 30.75 for  curve 3. 

The magnitude of the p r e s s u r e  at the channel exi t  changes abrupt ly  when the shock wave (or r a r e -  
fac t ion wave) r e a c h e s  the nozzle .  Since the wave decays ,  the magnitude of these  shocks d imin ishes  in the 
cour se  of t ime and a t  the end of the p r o c e s s  there  is a smooth t r ans i t i on  to the final s t e a d y - s t a t e  value~ 

In F ig .  4 the lower  dashed l ine  is  the final s teady  value for  curve 2, the middle  l ine is  for  curve 3, 
the upper  l ine is  for  curve  1. Ex t rapo la t ing  curves  1, 2, 3 to the i r  i n t e r sec t i on  with the co r re spond ing  
s t r a igh t  l ines ,  we obtain the exact  t imes  for  t r a n s i t i on  to the new s t e a d y - s t a t e  r e g i m e .  F o r  curves  1 and 
2 tt = 57.40, for  curve  3 t i  = 31.36. This r e s u l t  d i f fers  cons ide rab ly  f rom the e s t i m a t e s  of the emptying 
(or fi l l ing) t ime ca lcu la ted  f rom the s t e a d y - s t a t e  d i s t r i bu t ions .  The p r e s s u r e  pulsa t ion  decay t ime is 
about one th i rd  of the t ime  for  t r ans i t i on  to the new s teady r e g i m e  for  curves  1 and 2 and about one half 
the t r ans i t i on  t ime io r  curve 3. 

The t r ans i en t  r e g i m e  computat ional  scheme p roposed  in the p r e s e n t  s tudy is based  on the a s sumpt ion  
of the diffusive combust ion mechan i sm for  the combust ion of the sol id  p rope l lan t ,  which is sa t i s f i ed  if 
the re  is  exces s  ox id i ze r  in the channel and the Reynolds number ,  which d e t e r m i n e s  the burning ve loc i ty ,  
is  suff ic ient ly  s m a l l .  C h a r a c t e r i s t i c  of this  case  is  the fact  that  the burning ve loc i ty  does not depend 
exp l i c i t ly  on the p r e s s u r e .  

With i n c r e a s e  of the Reynolds  number ,  accompanied  by in tens i f ica t ion  of the burning p r o c e s s ,  there  
is  more  intense mixing of the gas a t  each sec t ion  of the channel and a change f rom the diffusion combust ion 
r e g i m e  to the k inet ic  r e g i m e ,  in which the c h a r a c t e r i s t i c  chemical  r eac t ion  t ime is comparab l e  with the 
mixing t ime .  In this  case  the burning ve loc i ty  depends on the p r e s s u r e  in accordance  with the chemical  
r e a c t i o n  k ine t ics  and the combust ion r e g i m e  i t s e l f  in the channel is  quite s i m i l a r  to combust ion in a h o m o -  
geneous chemica l  r e a c t o r .  It is  not i m p o s s i b l e  that  the ex i s tence  of the exp l ic i t  dependence of the burning 
ve loc i ty  on the p r e s s u r e  may l ead  to the onse t  of t he rmokine t i e  osc i l l a t ions  in the channel because  of f e e d -  
back between the burning ve loc i ty  and the gas d i scha rge  through the nozzle,  which a lso  depends on the 
p r e s s u r e .  

Addi t ional  effects  may a r i s e  in examining the r e s t r u c t u r i n g  of the t he r m a l  l a y e r  in the so l id  m a t t e r ,  
which l eads  to change with t ime of the effect ive  hea t  of combust ion of the fuel.  Account for  the unsteady 
na ture  of the t h e r m a l  l a y e r  in the t r a n s i e n t  r e g i m e  is  a l so  e s sen t i a l  in the case  of diffusive combust ion,  
p rovided  the fuel channel emptying t ime is  comparab l e  with the t ime for  r e s t r n c t i n g  of the the rmal  l a y e r .  
This effect  is not cons ide red  in the p r e s e n t  study in o r d e r  to s impl i fy  the ca lcu la t ions .  In o r d e r  that the 
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assumption of quasistationarity of the thermal layer  be justified in practice, the volume of the fuel channel 
must be sufficiently large - in this case the heated layer  will be able to follow the state of the gas flow in 
the channel. 

Also of interest  is the solution of the transient regime problem when the oxidizer supply to the 
channel is deficient. In this case the oxidizer burns up completely at some channel length and in the 
remainder of the channel there will be ablation of the fuel under the influence of the hot combustion products 
ra ther  than combustion. 

In conclusion, we note that the system of equations (2.3) can be solved by averaging all the equations 
with regard to x. In this case the solution does not account for the gasdynamic picture of the phenomenon, 
which has a significant effect on the average character is t ics  of the transient regime. Specificially, the 
values of the time for transition from one steady regime to another obtained using this approach differ 
considerably from the actual values obtained by numerical integration of the unsteady system of equations. 

The authors wish to thank L. A. Chudov for valuable advice. 
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